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ABSTRACT 




The general integrals / a & x p e~ ax (1 nx) n dx and f a b x p e~ ax (In x) n [—Ei 
(— /3x)]dx are investigated, where n is an integer, a and ft are real posi- 
tive numbers, and p is a number greater than —1. Many special cases 
are obtained, and the results are tabulated in a logical order. Where 
possible the integrals are expressed in closed form, and several cases 
are expressed in series expansions. 


INTRODUCTION 


The following table is a collection of some frequently 
occurring integrals in quantum mechanics among other 
applications involving powers, exponentials, logarithms 
and exponential integrals. Where possible the integrals 
are expressed in closed form. Also included are several 
integrals which are expressed in series expansions. It is 
hoped that these expansions may be useful for many 
purposes. 

The first four sections of the tables deal with powers, 
exponentials, and logarithms to the zero power, first 
power, second power, and third power respectively. The 
fifth section involves some generalizations of the loga- 
rithm to the nth power and some miscellaneous results. 
The same arrangement applies to the sixth through tenth 
sections except that the exponential integral is included. 
Within each section, the first subsection is the integral 
from 0 to oo , the second from 0 to p , and the third from 


p to oo . Lastly, within each subsection, the general result 
is obtained for x p y then examples are given for p — 0, 1,2,3 
and for integer n and finally miscellaneous interesting 
examples, notes and definitions. Throughout the tables p 
represents any number greater than — 1 and repre- 

sent integers. 

The notation followed consistently is that of Erdelyi, 
Magnus, Oberhettinger, and Tricomi ( Ref. 1 ) . Several of 
the integrals presented here can be found in the tables of 
Bierens de Haan (Ref. 2), Hofrieter and Grobner (Ref. 
3), Ryshik and Gradstein (Ref. 4), and LeCaine (Ref. 5) 
and the books of Erdelyi et al. (Ref. 1), and Nielsen 
(Ref. 6). Other references containing pertinent integrals 
are Levenson (Ref. 7), who discusses the integral de- 
noted Ffn, 1,0) in Sec. V, Eq. 1, and Busbridge (Ref. 8) 
and Kourganoff (Ref. 9), who discuss the generalization 
of G(p,a,/?) in Sec. VI, Eq. 1. 


1 


JPL TECHNICAL REPORT NO. 32-469- 


B. 


I. INTEGRALS OF THE TYPE JVe flx dx 


A(p,a) = f x v e- ax dx = 

Jo ® p 

a A(p,<x) = pA(p — l,a) 

1 


l 

J r> 00 
0 


e~ ax dx — 


xe~ ax dx = 


r , 2 

/ x 2 e~ ax dx = — r 

Jo Ct 3 

r 00 , 6 

/ x 3 e~ ax dx = — 

Jo a 4 

/ oo . 

x n er ax d% — 

a 

A t (p,a,p) = f x p e- az dx = P p+1 J2 

Jo fc=o 


^(p + fc-fl ) 1 a p+1 


y (p + l,a P ) 


/: 


aA, (p,a,p) = pAx (p-l.a./j) - 
= p g /| (fc+i) = -r( 1 .«/>) =-J-(l-e- op ) 


1+ ^ + t]} 


J' xe-°*dx=±[l-e-°r ( 1 + a P )] 
J x 2 e ax dx = — s <|l — j^ 1 
J x s e~ ax dx — | 1 — er a P 

f x n e-°*dx = ^ [1 -e a P e n (a P )] 

A ' fpM =[ x ’ d * = <jJ + Tj 


I+ * + ¥ + ¥]} 


C. 


r* 1 

A 2 (p,a, P ) =J x^dx = A(p, a) - A t ( p,a, P ) =-^r(p + l,a P ) 


( 1 ) 

( 1 . 1 ) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

( 1 . 6 ) 
( 2 ) 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

( 3 ) 


2 
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a A 2 (p,a,p) = pA 2 (p— l,«,p) + p v e~ ap 


e~ ax dx - - — e~ ap 
a 


/; 

r 00 l 

/ xe~ ax dx = — e" ap (1 + ap) 

J p a 

J x 2 er ax dx = e ‘ ap [ 1+a P + 

jr^-5^[i + ^ + ¥ + ¥] 

J x n e- ai dx = ^7 e^ p e„ (ap) 


(3-D 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 


II. INTEGRALS OF THE TYPE / x'e ax lnx dx 

r (P + l) 


B(P. 




x p g- a *ln£ dx 


aB (p,a) = pB (p — l,a) + A(p-l,a) 

/•* 1 
/ e~ al lnx dx = — — (y + lna) 


jr 


xe~ aJ lnx dx = - (y + lna — 1 ) 


r 


x 2 e~ ax lnx dx = 


-K> 


+ lna — 1 


x n e“ a *lnx dx 


/ « 6 / 
x 3 e _a3 lnx dx = — — ^ 

_ nl / 


y 4- lna — 1 


+ lna 


i: 


e^lnx dx = — y 


- lna] 

( 1 ) 


( 1 . 1 ) 


( 1 . 2 ) 


(1.3) 

i) 

(1.4) 


(1.5) 

■*K’ + I — St) 

( 1 . 6 ) 


(1.7) 
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f x^ ax lnx dx = _|_ j na _(_ 21 n 2 — 2) 

Jo V^a 3 


B. 


Bi (p,a,p) = J a 


x p er ax \nxdx = — p p+1 


[£■ 


A-*e£ 


In^X] 


(- 


«p)* I 
-k+iyj 


fc!(p + fc+l) 2 “^Jfelfp+fc+l) 1 
a Bi (p,a,p) = pB, (p-l,a, P ) + A x (p-l,a, P ) - P ”\n P e ap 


= “ '[Steite+tf' ^tiifar+Tj] + h ' e ~' + l~ E - (-“->]} 

J xe~ ax lnx dx — — |y + lna + (1 + ap) lnp e~ ap + [ — ( — ap)] —1 + e~ ap | 

J x 2 e~ ax \n xdx = — ■— |y + lna + j^l + ap + ■ j In pe~ af> + [ — Ei ( — ap)] 

j x 3 e~ ax ln xdx = — -^-<jy + lna + j^l + ap + — b j In pe~ ap -b [— Ei ( — ap)] — 1 — ~ 

- | + e-«P [l + | | + M (| + j) + ^-(|)]} 

j f P x n e ax ln xdx = - -^L j y + lna + \n P e~ a P e n ( a P ) + [-E 4 (-a P )] + £yy-y [e 4 M e r»P -l]j 


/ P D P+! 

* p ln* dx = ^ p + y y 




(_-*)* _ y (p + 1, X) 

X p 


£ fc! (fc + p + l) 1 i** 1 


C. 


" (— *)* y(n + l,x) nl n T , 

g. Hft + n + l)* = ** = ** t 1 *" (X) ] 

S M(n + f + I). = {‘“ + [ ■ - E ' <-»]-♦(" + 1) + <5 FFl} 

B 2 (p,a, P ) = J x p e~ ar \nx dx = B(p,a) - B,(p,a, P ) 
aB, (p,a, P ) = pB 2 (p — l,a, P ) + A a (p - l,a, P ) + P p ln P *t“p 
J e ax lnx dx = -y |ln P e a P + [— E 4 (— a^)] j. 

j xe az ln xdx = -^/(l + a P ) ln P e- a P + [— E» ( — a P )] + e~ a p| 


( 1 . 8 ) 

(2) 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 3 ) 

(3.1) 

(3.2) 

(3.3) 


4 
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J' a x*e-°*lnxdx = -| { ’l + a P + ^]ln P <r°P + [ ~E t (-a,)] + e-^1 + j + j (a P )J j 

j x 3 e~ az lnxdx — 1 + a P + — f ln P e~° p + [ — Ej( — a P )] 

+ e~ ap f 1 + 4- + -r + («p) ( 4 + T 


(3.4) 


¥©]} 

(3.5) 

M e -ap\ 

(i+D J 

(3.6) 


A. 


III. INTEGRALS OF THE TYPE / x'e ox ln J x dx 


C(p, a) = J x t e ax \n t x dx = — +1) — lna] 2 + £(2,p + 1)| 

aC(p,a) = pC(p — l,a) + 2 B(p -l,a) 

f e~ az \n 2 x dx = — [(y + lna) 2 + £(2)] 

Jo a 

f xe- ai ]n 2 xdx = \ [(y + lna —l) 2 + £(2) —1] 

Jo a 

J x 2 e-° z ln 2 x dx = |^y 4- lna - 1 - + £(2) - 1 - 

J x 3 (r° z \n 2 x dx = + lna - 1 — + {(2) - 1 - ^ 

\y S - ai ln 2 x dx = ^l[(y + lna - "£ jjrjJ + «2) - £ j 

U2,n + 1 ) = « 2 ) - n £jrrw* 


(( 2 ) = ^ = 1.644 934 0668 


ip (n + 1)- — Y+1 + -J + -J + + ■“• 


(1) 

( 1 . 1 ) 

( 1 . 2 ) 

(1.3) 

(1.4) 

(1.5) 

( 1 . 6 ) 

(1.7) 

(1.8) 

(1.9) 
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B. 


C, =/' - V-[| W(P ( ^ ) ; 1) . - W± kH <- + f +ir + llnVg M( <;^ +1) ] (2) 

a Ci (p,a,p) - pCj (p -l,a,p) + 2Bj (p - l,a,p) -p p ln 2 p£r“P (2.1) 

jj e-ln^x dx = 2 P g ^ {y + Ina + | ln P (1 + e-P) +[-£,( - a,)] | (2.2) 

xe ax \n 2 x dx = 2p 2 g ^ ~ ^ 2 ) ~ “ + Ina + 1 ln P [1 + (1 + ap)e-°P] + [-£,(- ap)] + e -“P - 1 j 

(2.3) 

fj x 2 e~°*ln*x dx = 2p 2 g ^"^, - (y + Ina + ^ In, jl + [l + ap + e-P | + [-E, (-ap)] 


+ *-p[i + i + M!]-i-i) 




r«- 


']„•»* = VgH*^ - i^(y + lna + |l„ f |l + [l + „ p + + ia£]e- ) 

+ [—£,(—«„)] +«-f[l + I + i + (^)(I + I) + (ttL(I)]-i-|- *.) 

- {> + Ina + |lnp [1 + e n («p)<r‘P] + [-£« (-ap)] 


e ~ az \n z x dx = 2p"' ' y" 


(-«/>)* 


* 4-0 fc! (» + fc+l) s 

+ jEjrnj t ei m*-' ->]} 


rp p + 1 r o 2n 

c, ( V M = | rtn-x* = ^n-[w, - 5Ti)H» + (7TT );J 

00 / ^Nfc 

s ( P,x) = g- W ( p + n :i)3 

xS (n + l,x) = (»+l) S(n,x) - ^jJJy + Inx + [~E i (-*)] + g^yy j> {x)er 




(2.4) 


(2.5) 


( 2 . 6 ) 

(2.7) 

(2.8) 

(2.9) 


C. 


r- 00 

C 2 (p,a,p) = J x p e~ ar \n' 2 x dx — C (p,a) — C t ( p,a,p ) 
a C 2 (p,a,p) = pC 2 (p — l,a,p) + 2B 2 (p-l,a,p) + pPe- e Pln 2 p 
f ^ln 2 x dx = i|(y + lna P ) 2 + {(2) + ln 2 p e-P + 21n P [-£, (-a,)] j -2p g jfeffij. 


( 3 ) 

(3.1) 

(3.2) 
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J xe az \n 2 x dx = ^ j( y + l na/) - j)* + £(2) - 1 + ln 2 p (* + «p) e ’° p + 2 lnp fr ap + 2 lnp [ -£ ; ( -ap)] j 

(-«p)* 


V *? 0 * ! (fc+ 2) 3 


(3.3) 


I 


x 2 e~ aa? ln 2 x dx 


= {(7 + lna P - 1 - |) + m ~ 1 - + ln 2 p e 2 (ap)e- p + 2 lnp er - P^l +|+ (ap) |j 

+ 2l„ pt - E .(-a,)]}-Vgi^r (3-4) 

J°° x^ln’x dx = -£ |^y + lnap - 1 “ J ~ j)* + f( 2 ) “1 “ jl ~ ln V g 3 (a P )e~ a P + 21n P e~°i> 

x [1 + 1 + 1 + m ( 1 + {) + ¥ (1)] + ^ [- £ . <-“-)]} - v iiiiw < 35 > 


J” x n e“*ln 2 x dx = j^y + lnap - £ t^j) + £(2) - £ (i+iy + Wp e " ( a p) e ~° P + 21n P e ~' 

(~«p)* 


x|^ + 2Inp [-£i(-«p)]} 


2p ” +1 5 *! (fc+n+1) 3 


x”e ax \n 2 x dx = |[^ (n+1) — lna] 2 + £(2,n+l)| — 2 ^ 


(-«)* 


fc! (fc + n+1) 3 


(3.6) 

(3.7) 


IV. INTEGRALS OF THE TYPE J x’e ax ln 3 x dx 


A. 


D (p,a) = J , x p e- az \n 3 x dx — — ~ (p + 1) _ lna] 3 + 3£ (2,p + l) [i/« (p + 1) — lna] — 2f(3,p + l)j> 

aD (p, a) = pD (p — l,a) + 6C (p — l,a) 

f e~ ax ln 3 x dx = — — [(y 4- lna) 3 + 3£(2) (y + lna) -1- 2£(3)] 

Jo a 

f xe~ ax ln 3 xdx = — — [(y 4- lna — l) 3 4- 3f(2,2) (y 4- lna — 1) 4- 2£(3,2)] 

Jo a 

J x 2 e ax ln 3 x dx = — j—j^y ^ na — ^ ~ ^ + ^ na ~ 1 ~~ ^ + 2£(3, 3) J 


( 1 ) 

( 1 . 1 ) 

( 1 . 2 ) 

(1.3) 

(1.4) 


7 



JPL TECHNICAL REPORT NO. 32-469 


f* x 3 e~ ax ln 3 x dx = - £ [( y + lna - 1 - \ - |) 3 + 3£(2,4) (y + lna - 1 - ± - |) + 2f(3,4) J (1-5) 

J o x n <r a *ln a x dx = - ^ + lna - g — + 3f(2,n + 1) ^y + lna - g + 2f(3,n + 1) J (1.6) 


« 3 ’" + - 1(7 -TIF 


C(3) = 


25.794 36 


= 1.202056 9032 ••• 


(1.7) 

(1.8) 


B. 


n> 1 (p,a,p) = r 


= ' rtr " 1 "' 1 * = - V [g H(FF7TTF “ S 

_L 1,1 P TT' ( ^P ^ 

9. *-> Jrf /fr 4- « 4- 112 fi 2^ 


(~«p)* 


In 2 


(~«p)* 

^ M(fc + p + l) 4 LLlf> k\(k + p + l) 3 

In 3 - “> 


(-«p) fc 1 


2 £ i k\(k + p + l) 2 6 fek\(k+p + 1)J 

aDi (p,a, P ) = pD, ( p - l,a, P ) + 6 C, (p - l,a, P ) - P p e- a Pln 3 P 


/: 


^l„^=-6 p [gi^-l„ p £i^]_ 3 J=>( y + ,„ op + [-£,(-«,)] +il„, a-,-.,)) 




v ( a /0* ~| ^ 


°i (pAp) =£ 


p p+1 

= / x p ln 3 x dx = — - — 


C. 


(p + 1) [ InV (p + 1) ln ^ + (p + l) 2 ln/> (p + 1) >] 

/ GO 

x"e-^ln n x dx = D (p,a) - D, (p,a, P ) 


aD 2 (p,a, P ) = pD 2 (p - l,a, P ) + 6C 2 (p -l,a, P ) + P p e-°P ln 3 P 

f„ n ( ( I+ > ‘ 1) - ~ Sfc f ( (fc' +7)- ] + + [- E ‘ (-■»>] 

- -i- ((y + lna) 3 + 3(y + lna) [C(2) - ln 2 P ] + 2£(3)} 


( 2 ) 

(2.1) 

(2.2) 

(2.3) 

(3) 

(3.1) 


e~“ p )j- 


(3.2) 
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V. MISCELLANEOUS RELATED INTEGRALS 


A. 


B. 


F(n,a,p) = J x p e“ a *(lnx)" dx 
aF(n,a,p ) = pF(n,a,p — 1 ) + nF(n — 1 ,a,p — 1 ) 

F(»,a ,p) = g [ "f ( : " j L ) ( [ ) (Ina) 1 -* ( - 1)-» (» - 1 - Z)! C(n ~l,p + 1)] F(k,a,p) 

g(V)<"“>"*‘ 


+ 


t (P + 1) 


— — -rlna , 
n — k j 


1 F(k,a,p) 


F< W ).3^a[r + «(;)(^)^ - 3i(")(f)r- + 4,(»)(^ + *i),- 

- <5)(f + + 61 (e)(T + ^ + f + f ) — 71 (?) 


/ 4> 7 , 4>r,4> 2 , 4> 4 4> :t 

x V7 + 10 + 12 


24 ) 

where 6 — ip(p + 1) — lna 

4>r = t(r,P + 1) 


+ «#W 7 + -•] 


F(n,a,0) = £[2( n l 1 )^)(lna)'- fe (-l)"- , (n-/- l)!i(»- 

- E ( n k X ) W "*' 1 (v + Tpr-fc lna ) F ( fc .«.°) 

F(n, 1,0) = (-!)•(«- 1)! "£ F(U,0) - y F(n- 1,1,0) 


F^a^p) = F x”e-°*(lnxy dx = (-1)” n! ^ E ( [ E n (p | ipn ] 

aF x {n 9 a 9 p,p) — pF l (n,a,p — l,p) + nFi(n — l,a,p — l,p) — p p e' ap (lnp) n 


Fi(n, 0 ,P>p) — y x p (liuc) n dx = 
/; 


^ (~l) fc (2) (lnp) M ~* 

(P + l) 4 


(P+1)S ^ 1U 


e~ ax (lnx) n dx = 


_ (lnp) n e _ap n f 00 e~ q * (lnx)" -1 

^ ^ a Jp 


dx 


J m e- ttZ ]nxdx = J ~ dx = -i- jln P e- <, P + [-E,(-a P )]j 

(See Sec. II, Eq. 3.2.) 

, r-hrttdr = i=^ + ^ 


/; 


i [“ 

a Jp 


■ dx 


(1) 

(1.1) 


( 1 . 2 ) 


(1.3) 


(1.4) 

(1.5) 

(2) 

( 2 . 1 ) 

( 2 . 2 ) 

( 3 ) 

(3.1) 

(3.2) 
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(See Sec. Ill, Eq. 3.2 and Sec. V,Eq. 3.2.) 


/; 




(See Sec. V, Eq. 3.3 and 3.4.) 


-*<<-«,)]} + £* 1(^1). 

(3.3) 

1— 1 

1 

ft 

T 

Jt 

1 — j 

(3.4) 

X 


£(2)i + V (““p)^ 1 

C( 'J + h Jk! (fc + l) 3 

(3.5) 


VI. INTEGRALS OF THE TYPE / x** [ -E, (-£x)] e ax dx 


A. 


={‘*e~ [ -£. <-?*)] dx = (p • F • (>•» + >• P +* rh) 

u a+0 

T(p + 1) / a lp+1 \ 

(a + /3)”* 1 [a + p’’ P ) 


- F(p + 1) « 1 / a Y 

(a + P) v+1 £Z(p + k + l)\a + p) 


aG(p, aJ3) = pG(p - l,a,/3 ) - A(p - l,a + p) 

[~Ei (- Px)] dx = ^-ln(l + 

[ L- £i <-*>] = §[ ln ( l + |) " ] 

/„ x3e " 01 C _£i (_/Jx) ] dx = ^[ ln ( 1 + |) - KjtTIb) "K^y “ K^l)* ] 

f xn - ai [-* <-*>] * =^[ I “( 1 + ?) - si(rhT ] 


(i) 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 


IO 
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[ *[ — El (-M]dx 
4 >(z,l,n + 1 ) = - ^TT^ln (1 -*) + Zt] 


(1.7) 

( 1 - 8 ) 


B. 


o,, M , r .... 


[ E» ( 0p)]y(.P + l> a p) j_ ptl ( — a-f>) k Y' ( ftp)* 

^ + p ^Jfc!(p + fc + l)fioi!(p + fc + /+l) 

( 2 ) 


a G 1 (p,a,f3, P ) = pG^p — l,a ,j3,p) — A x (p — l,a + /?,p) — p v e °p [— Ej ( — /Ip)] (2.1) 

j P e~ ax [-£i (— ft*)] dx = -j^ln ^1 + — ~{^~ ap [ — E * (“ftp)] “ |-£. [~(« + ft)p] (2-2) 

P «-■'[• £,(-/«)] dx = P ( In (l + jj -e"»(l + (-ft,'] 

+ j-E, [-(« + «,]) + (j^) [<r>**<w-l]) (2.3) 

ft **«■“.[-£. (-/i*)] dx = ^( in (l + (i) -e-°. e. (ap) [-E, ( /ip>] + (-£. [~ (a + (J) p]) 

+ (?Tp) + 4(^) 2 + <» + «»] -l}) (2-4) 

/'*- [-£. (-/»)] dx = £(ln(l + e-'.e.M [-£,(-&>)] + (-£.[- (o + /3),,] (. 

+ (^)K'' #, '-i] + i(^)’{‘'-"*'' ,, «'[('* + (>H - 1 } < 2 - 5 > 

(\ n e~ ax [ — £( (-ftx)] dx = ^-^ln + ~ e- a Pe n (a P )[-Ei (-ftp)] + |-£i[- (« + ft)p] j 

+gl(^)‘f-^-. [(«+«<•]- 4) M 

f P [ — Ej (“ft*)] dx = (p + !) |^7y(P + 1 ,ftp) + P p+1 [ _£ i (~^p)]| ( 2 ‘ 7 ) 
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G 2 (p,a,fi, P ) - j x p e- ax [ -Ei (— fix)] dx — G (p,a,fi) - Gj (p,a,fi, P ) 
a G>(p,a,fi, P ) = pG 2 (p-l,a,fi, P ) - A 2 (p- l,a+fi, P ) + P v e- a P [-Ei (-/9p)] 
[-£,(-£*)] dx = ±(er" [-E t (-/9p)] - j -E ( [-(a+/?)p]J) 

[ — Ei (—fix)] dx=j- 2 ( ei (a P )e-‘ p [-£,(-«*)] - j -E* [-(a + /J)p]}) - 

* 2 e- ax [~Ei (-£*)] dx = ^e 2 (ctp)e- flp [-E* (-ctp)] - j -Ei [-(«+/?)/»] 

- a2(a+/g)2 [%+/?) + « + H«+0)] 

[- £ i(-^)] d* = J- ^3(ap)e-"P [-E t (-/8p)] - j -E* [-(a + /?)p]j 

— e -<a+e>p y gfc-i[(q+fi)p] \ 
s *( 1+ £)‘) 

j ^ ax [-Ei(-fix)] dx ^ ^e„(a P )er- a P [-Ei(-pp)] - | -E 4 [-(a+p)p]| 

n g^-i [(a+P)p] \ 

j X » [-Ei (-fix)] dx = -^yy r(p + Mp) - p" +1 [-Ei (~/Jp)]j 


(3) 

(3.1) 

(3.2) 

(3.3) 


(3.4) 


(3-5) 


(3-6) 

(3.7) 


A. 


VII. INTEGRALS OF THE TYPE / x p e “Inx [ -E { (-/8x)] dx 

H(p, a,fi) = f x p e~ ax lnx [-E* (-fix)] dx - j[^(p+l) - ln(a+/3)] 

X *(^’ 1 * + 1 )"*(^ ’ 2 ’ P + 1 )} 
a H(p,a,fi) = pH(p — l,a,fi) - B(p-l,a+fi) + G(p-l,a,fi) 


( 1 ) 


( 1 . 1 ) 


12 


-JPL TECHNICAL REPORT NO. 32-469 


e al lnx [- Et (-fix)] dx - - ^ In (l + jj [y + ln(a + /J)] (a+ ^ * (a + 0 ’ 21 ) 

0 

jf * e ~" lnx [ ' Ei dx = ~ + f) " 1 (^Tfij\ 

X [y + \n(a+fi)-l] - * (^ ,2 ’ 2 ) 

J f * 2 e a *lnx [-£, ( -fix)] dx = - Jr[ ln (l + f) ~ 1 (77^) _ ] 

><[v + H a +fi) _ 1 _ 2"] ~~ (a+fiY * (a + /3’ 2 ’ 3 ) 

x 3 e -‘*lnx [-E i (-^x)]d* = -J[b^l+|)-l(-^)--|(“ f ) ] 

X[v + ln(a + /?) - 1 - J^TW * (ofj8’ ^ 2 ’ 4 ) 

| o *"e-ln* [-E, (-/*r)] dx = - [in (l + |) - £7 (7^) ] 

x [r + W*+P) ~ £7] - (^ * (^’ 2 ’ n+1 ) 
j o x pinx [~ E * (-^ x )] dx = ( P +I)p^ |[^P +1 ) - ln ^] - TTl} 

z" 4 > (z, 2 ,n + 1) = 4 > (2,2,1) - X Jl * ]J2 


x^e-^lnx [-E; (-/?*)] dx = ^£- [-Ej (-&>)] y(p + l.ap) - p p+1 [“£* ( £p)] | WOpTxVl) 3 

1 , ft) y(p + k + l,/3p) y» ( ft) y(p + fc + 1 ,/?p) 

iS^L ST - 3ET“ (p + Jfc+1) fe! (p + *+l) 2 J 


- - p pm y < ( — 

P fefc!(p + fc 


(-Ip) 1 


^ fc! (p + fc + 1) J! (p + fc + Z + l) 2 


aH, (p,a,fi, P ) = pH t (p -l,a,fi,p) - B , (p — l,a + ftp) + G, (p -l,a,fi,p) - p p e- ap \np [ Ej ( /?p)] (2.1) 
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jf'e— In* [-£,(-/}*)] ix = -i- In (l + |-)( r + In (a + D) + | -E.[-(a + ; 3 )p]j.j 
Solution (a) - |[(^) t (^Xl) + W (<r" [ E. (“AO] -{-£,[-(« + »„] }) 

1 00 1 / a \ k+i 


Solution (b) 


Solution (c) 
(good for a >p) 


- - I { [ y + In (a + ^)] ln ( 1 + |) + - ±[-E t (-/?,)] 

X jin P e-°P + [E t (-a P )]| + (2) + ±- [y + In (a + ft) + ln P ] 2 

+liV»{-E, [-(a + /?)p]l + y; [~ (<X + + 1 [” e ^l izEl dx 

\ j k k\(k + iy ) a Jp x 


= _I{ [y + ln(a + ^ ln (l+f} + (^)*(^Al)} 

+ — |^(y + ln/Jp) [— E t (~ap)] + + lnap) 2 + [y + In (a + /?)p] 2 +2 {(2) 


4. ^,[-/>(a + /?)]*« 

' k k\(k + iy 


” ( ~ ap) t+1 

k « (* + 1) ; 


+ e-"P £ 

k=o 


izlMH 

(k + l) 2 


ek (a p) 



[-(» + «(.]})] 


Solution (d) 
(good for /? > a) 


- - i{[„ + ,n (a + «] In (l + f) + (^) * (^Al)} 

«"[ _ { 7 + ^ ^ [~ Et ( -ap )]j [ _£i (~PP)] 

+ j V + Inp (a + ^ 1 ~ (y + ln m 1 } + £ [ kHkVly — 5 

x £ % a l%' e « u*p) - ln p ( e ° p [~ E - (~pp)] -{- £ i [-(« + 


kl (k + l) 3 



— e~P p 


( 2 . 2 ) 
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J P e aI ]nx [— Ei ( — ax)] dx — -^lnp -je ap [ — E t ( — a p)] [ ^* ( 2a P )]j- 

CO ^ 

£k\(k + l) 


- -h [ ~ Ei 2 + {y + lnap)2 + a £ is (S'] 


(2.3) 


J P x p \nx [-E* (-0*)] dx - ^7 ( * + Y) ( ln P “ fT"l){ Y ^ + 1,|8p)+ ^ p)P ' [ _£i 

_ . P p+t __ ^ izML (2.4) 


(p + 1) j£s fe! (p + fc + l) 2 


J P x"lnx [-E f (-*)] dx = r+1( ” ! +1) -|[-Ei (“ftO] ^ - (^+ } i)! 1 ] 

+ [vTT ~ lnp g " <*> ~ £¥Tt] + [* <" + 1} - ^TT ~HI 


(2.5) 


z $ (z,2,l) = L 2 (z) = - [ — — (Euler’s dilogarithm) 
Jo u 

L2 (i) = i^ (2) - ln2(2) ] 


(2.6) 

(2.7) 


C. 


H 2 (p,a,p, P ) = f x p e~ or ]nx [ — E t ( — /Jx)] dx — H (p, a,p) — H l (p,a,f3, P ) 

Jp 

aH 2 (p,a,f3,p) = pH 2 (p — 1 ,a,/3,p) — B 2 (p — l,a + P,p) + G 2 (p — l,a ,(5,p) + p p e _flp lnp [ — £; ( — &>)] 


( 3 ) 

(3.1) 


J e ai \nx [— Ej . ( — /3x)] dx = ^lnp ap [ — Ej ( — /?p>] — | — E; [ _ ( a + /*)p]j) 

+ + f){- E ' [ ~ <a + ' ,)p] l “ « StinT)(rhr £ “ [p(o + s)] 


Solution (a) 


Solution (b) 


i[-E,(-/J P )] |lnpe- op + [-Ei(-a P )]|-^-|c(2) + |[y + In (a + 0 ) + ln P p 

l ) “ r-(« + B)pY^\ 1 f°° e~fi x T-Ej (-ax)l , 

+ hp{-E,[-(.tj»]}t g [ 1 , u * 
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Solution (c) 
(good for a > ft) 


+ l n Pp) [~£i (-«p)] + |(y + Inap) 2 + [y + In (a + £)p] 2 + 2 £(2)j 


*=0 


[-p(a + /?)]*+' » J-ap)^_ A fa£Ml e (a) 

k\ (k + i) 5 h u (k + 1) 3 fa {k + 1)2 e * («p) 


lnp (e °r [ E, (-ft,)] - |-E, [-(a + 0)p]J) 


Solution (d) 
(good for /? > a) 


- - (y + Inap + [-E; (-ap)]| [~E t (-ft>)] + ^([y + In (a + fi) + lnp] 2 


i °° r — p( a “I - 

lnp (e-P [— £ ; (-/3p)] - ( — Ej [-(a + P)p]})] 


Y> ( pP) k *‘ _ p p -fa ( a/ft)** 1 , . 

gfc!(fc + l) 3 g (fc + 1) 2 6k(/Jp) 


(3.2) 


e ax lnx [— E; (-ax)] dx = ^lnp |<r«P [-E, (-ap)] - [-E ; (-2ap)]| + i- [-£, (-«p)]^ 


^ [(y + ln2ap) 2 + £(2)] - Ig.( 


(3.3) 


a fa M ( k + i ) 3 

[-e,(-W] ■& = ffff. [*0> +1 > - lp P] ~ S+t)y-? ~ (pH-W" { y(p+w 

+ (-A.)]} + (-M] + i B (p+^+D- 


VIII. INTEGRALS OF THE TYPE / x" e a)t ln 2 x [ — E, (-ySx)] dx 
A. 

I(p,a,P) = j x”e- ax ln 2 x [-£> (-/Jx)] dx = (( |>(p+l) ~ ln(a+/3)] 2 + f(2*p + l) j <i>( ,l,p+l^ 

~2[V(p+l) ~ln(a + /?)] $(- -^ --,2,p + l^ + 2$( ,3,p + l^ (1) 
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al (p,a,p) = pi (p— l,a,y3) — C(p — l,a-f/l) + 2 H (p— l,a,/3) 


( 1 . 1 ) 


jTV" In 2 * [-Ei (-/8*)] (lx = -An ^1 + |[y + ln(a + /8)] 2 + {(2)| 

+ JST0 [’ + * (if? A1 ) + <^» * (if? A1 ) M 

f" *<r" In’i [-£. (“W] dx = ^[ ln ( 1 + ~ 1 t 7 + ,n < a + ^ “ *]’ + f(2 > ” *} 

+ dw> - ‘i ■ * (^ ■ ■*■*) + tf? «) < L3) 

j'x*e-Wx [-£, < /«)] * = |[h(l + f} - ~ + ln( “ + W _ 1 “ j] 

4 « 2 >- f} + Tfxpy [' + 1 ~ l]' 1 ’ (hW > A3 ) 

+ W * (sT? A3 ) 


(1.4) 


f“ x3 ^ al ln2x [ - • Ei ( ■ - 0*) ] dx - £ [in (i + J ) - 1 (^g) i (^g) 3 (^3) ] 

X {[y + ln(a+ P) ~ 1 - | - |] 2 + «2) - 1 - ^ 


(1.5) 


+ 


[» + ln(o+/,) _ 1 _ I ~ I] * (sr? A4 ) + w * (jts ,3,4 ) 


f\- e - wx [-e, ( -w] * = ^[i»(> + i) - g*ri(^r]{[ y + Ma+W ■ Ira]’ + « 2 > 


- 2^} + + *•+» - 1^] * (^. 2 .»«) 


+ 


2 ( n *) $ ( - 3 n + A 

(a+jS)-* 1 \a+/3’ ’ ) 


(1.6) 


J"* ln 2 x [-£,(- 18*)] ^ = j^ i)({[^(P +1 ) “ ln ^] 2 + * ( 2 >P + 1 )} - [^(P+D - ln ^] + frTW) 

(1.7) 

z n 4> (z,3,n+ 1) = 4> (z,3,l) - £ jkTiy ( 1<8 ) 
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B. 


~y (p+l,a P )ln 2 p 


(-op)* 


h (p,a,fi, P ) ln 2 x [-E,<-0*)] dx = [-E, (~M] “ V +1 W £ 

+ o b p* i ( ~ a p) fc ~| -l _L_f i n 2 Y'(71 a /^)*' y(P~^k+l,/?p) o i n y'( — u/fi) k y(p + k+l£ P ) 

p huiP+k+iy] V4 \S fci (p+fc+D p £“ *i (p+fc+1) 2 


r « 


9 y-' (~«/^)* y(p + fr+l,M ~j , „ w | v 
£ ft! (p+fc+1) 2 p L£‘ fcl (p+*+i) 2 £?*!(p+*+J+i) 2 


(-op)* 


(-M 


_i_ y ( **?)* y • 

£ *1 (p + fc + 1) ft? A (p + fc + i+1) 3 


(-Mi. 


In V (zMl y- (-&>)' 1 

n \ 4 ?*!(P+*+ 1 ) £ fl (p+^+;+i) 2 J 


( 2 ) 


a/i (p, a, y3,p) = pit (p-l,a,/?,p) - C, (p-l,a + 0,p) + 2H, (p-l,a,fi, P ) - p p fr a Pln 2 p [-E; (-/3p)] (2.1) 

J er ax \n 2 x [ — Ej (—/3a:)] dx = [— Ei ( — /?p)] ^ln 2 p (1 — e~ ap ) — 21np-jy + lna + lnp + [ — E t (— ap)]| 

- * gifie^) + ^ Sot 

( fc+l,/3p) + 2g ( fc , y (fc+Mp)] + 2p [g fc , ( (fc+i } . g/!(fc+1+ 1) 2 

lnp S *!<*+i) 5 rRfc+Hi) 2 ] ( 2 - 2 ) 


X y I 


" (-ap)* ^ (-ft,) 1 

&*!(*+!) £ ?!(fc+/+l) 3 


jjx” ln 2 x [ — Et ( — /?x)] dx = [ Ip2 P (pTl) + (p+l) 2 ]{ y (P + 1 >M + (M p+1 [-Ei(-M]| 


V 


(p+i) 




IzML. 


+ 


2p |H1 


(-Mi 


P + 1/ (p+fc+l) 2 (p + 1) fa kl(p + k+l) 


(2.3) 


C. 


h (p,a,/3, P ) = j x p e- a * ln 2 x [ -E f (-/?x)] dx = l(p,a,/3) - 7, (p,a,/3,p) 

a h(p,a,fi, P ) - pl 2 (p-l,a,fi,p)~ C 2 (p-l,a+fi, P ) + 2H 2 (p~l,a,fi, P ) + p^P ln 2 p [-E, (~>3p)] 

j e~ a * ln 2 x [— Ej (—fix) ] dx = 

(See Sec. VIII, Eq. 1.2 and 2.2.) 

j x p ln 2 x [— Ei (—fix) ] dx = 

(See Sec. VIII, Eq. 1.7 and 2.3.) 


( 3 ) 

(3.1) 

(3.2) 

(3.3) 
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IX. INTEGRALS OF THE TYPE / ^ e ” x ln 3 x [— E ( (-^x)] dx 

} (jp,a,fS) = J x v e~ ai ln 3 x [-E, (-/lx)] dx = [■/- (p+1) - In (a + /l)] 3 + 3f (2,p + l) (p + 1) 

- In (a + 0 )] -2C(3,p + l)j*^j,l,P + l) ~ 3 ^ (p + 1) - ln(a+/l)] 2 +{(2,p + l)| 

X *^_£_Ap + l)+8 [*(P + 1) - ln(a+ /?)] <i> Ap+l)- 6 $ (^- ,4,p+l)j (1) 

a} (p,a,f3) ■= p] (p-l,a,/S) — D(p — l,a+£) + 61 (p — l.a,/}) (1.1) 

J e~ ax ln 3 x [— Ei (—/lx)] dx = — -j-j-ln ^1 + -^j[y + ln(a+/l)] 3 + 3f (2) [y + ln(a + /l)] + 2£(3)j 

- (if« {b + ««+»]■ + «*>} * ai) - [t + w«+»] 

<12) 

r - t ■ <-«*)] * = (. + ff.t(’ + i) ({[ HP + l ) -ln/3] 3 + 3f(2,p+l) |>(p + l) - ln/9] - 2£(3,p + l)j 

- FFT) {[*<” +1 > + « 2 ’P + i)} + ^ [*- + » - '"«] - (^TI?) 

(1.3) 


/, (p,a,/3,p) = f P x”e- ai ln 3 x [-E, (-/lx)] dx (2) 

«/,(p,a,/l,p) = p/i(p— l,a,Ap) - Di(p-l,a+/l,p) + 6/,(p- l.a./l.p) - / {r°' > ln 3 p [-E;(-/lp)] (2.1) 

J,(p,a,ji,p) - j x p e~ az \n 3 x [— Ei(— /lx)] dx (3) 

ai 2 (p,a,/l,p) = p/ 2 (p — l,cg3,p) - D 2 (p-l,a+/3,p) + 6/ 2 (p-l,a,0,p) + p" e-°P ln 3 p [-E i (- J 8p)] (3.1) 
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X. MISCELLANEOUS RELATED INTEGRALS 

A. 

K(n,a,/ 3 ,p) = j" x* e-(lnx)» [-^(-/Jx)] dx = g ( — 1)* fcl ,fc + l,p+l) F(»-*,a+ftp) (1) 

(See Sec. V, Eq. 1.) 

aK(n,a,p,p) = pK(n,a,p,p- 1) - F(n,a + /?,p- 1) + nK(n-l,og3,p-l) (1.1) 


B. 


C. 


a J X e _al (lnx)” [ — E»(— /?x)] dx = n J 


e-^lnx)"" 1 [— Ej(— ;3x)] dx _ r" e~ (a ^ )T (Inx)" 


/; 


e-P (lnp)» [-E^-jdp)] 


( 2 ) 


J* M* = 1- [ (y + ln/?p) 2 + «2)] + £ li { £fiy + [-£i(-^)]{y + ln«p 

+ [ — £,(—«,,)]} + <r* £ e k (M 

= [ — E i( — ap)] 

[ — Ed — ax)] dx _ r 50 lnx er ax dx 


/; 


/; 


-- lnp[-Ei(-ap)] 


( 3 ) 

( 3 . 1 ) 

( 3 . 2 ) 


(See Sec. V, Eq. 3.4.) 


r [-Ej(-ctx)] dx 

ip x 


=i [(T+ i» V )- + «2)] + g< i ^; 


(See Sec. V, Eq. 3.5.) 


/•“ e~° J [ — Ej(— ctx)] dx 

ip 


y [-Ei(-«p )] 2 


( 3 . 3 ) 


( 3 . 4 ) 


D. 


Ki(n,a,/3,p,p) = x” <r«(lnx)» [ -Ei(-/3*)] dx (4) 

aK 1 (n,a,0,p,p) = pKi(n,cy3,p- l,p) - F^n.a + frp-l.p) + nKi(n-l,a,/J,p-l,p) “ p” e-° p (lnp) n [-Ej(-/ 3 p)] ( 4 . 1 ) 
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NOMENCLATURE 


CO 

Binomial coefficients 

a! 

b\(a-b)\ 


Incomplete Beta function 

J Z t p -'(l-t) q -' dt 

e n {x) 

Truncated exponential 

n ~k 

e|t 

[-£,(-*)] 

Exponential integral 

r 00 

j er l t' l dt 



Ux) 

E n (x) 

Placzek function 

r e~ xi t- n dt 



J i 

x n ' i r(l-n,x) 

2 Fi(a,b;c;z) 

Hypergeometric series 

“ (a) n (b) n z n 

h (c).»i 

L 2 (z ) 

Euler's dilogarithm 

(z,2,l) 



oo Z n+1 

S(»+d 2 

(P)n 


T(p+n) 

r(p) 

y 

Eulers constant 

.577 215 6649 

y(a,x) 

Incomplete Gamma function 

j e-'r-'dt 

T (a,x) 

Incomplete Gamma function 

e-H a -'dt 

F(z) 

Gamma function 

r 00 

/ e’P-'dt 

«*) 

Riemann Zeta function 

4> (Ul) 




i(s,v) 

Generalized Zeta function 

oo ^ 

£ (»+»)* 

<b(z,s,v) 


oo 

S («+«)* 


Psi function 

(HnT(z) 

dz 
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